In this paper we describe the prime ideals of some important classes of skew P BW extensions, using the classical technique of extending and contracting ideals. Skew P BW extensions include as particular examples Weyl algebras, enveloping algebras of finite-dimensional Lie algebras (and its quantization), Artamonov quantum polynomials, diffusion algebras, Manin algebra of quantum matrices, among many others.
Introduction
In this paper we describe the prime ideals of some important classes of skew P BW extensions. For this purpose we will consider the techniques that we found in [4] , [6] and [7] . However, in several of our results, some modifications to these techniques should be introduced. In this section we recall the definition of skew P BW (Poincaré-Birkhoff-Witt) extensions defined firstly in [8] , and we will review also some elementary properties about the polynomial interpretation of this kind of non-commutative rings. Weyl algebras, enveloping algebras of finite-dimensional Lie algebras (and its quantization), Artamonov quantum polynomials, diffusion algebras, Manin algebra of quantum matrices, are particular examples of skew P BW extensions (see [9] ). Definition 1.1. Let R and A be rings. We say that A is a skew P BW extension of R (also called a σ − P BW extension of R) if the following conditions hold:
(ii) There exist finite elements x 1 , . . . , x n ∈ A such A is a left R-free module with basis Mon(A) := {x α = x α1 1 · · · x αn n | α = (α 1 , . . . , α n ) ∈ N n }.
In this case it says also that A is a left polynomial ring over R with respect to {x 1 , . . . , x n } and M on(A) is the set of standard monomials of A. Moreover, x 0 1 · · · x 0 n := 1 ∈ M on(A). (iii) For every 1 ≤ i ≤ n and r ∈ R − {0} there exists c i,r ∈ R − {0} such that x i r − c i,r x i ∈ R.
(1.1) (iv) For every 1 ≤ i, j ≤ n there exists c i,j ∈ R − {0} such that
x j x i − c i,j x i x j ∈ R + Rx 1 + · · · + Rx n .
(
1.2)
Under these conditions we will write A := σ(R) x 1 , . . . , x n .
The following proposition justifies the notation and the alternative name given for the skew P BW extensions. Proposition 1.2. Let A be a skew P BW extension of R. Then, for every 1 ≤ i ≤ n, there exists an injective ring endomorphism σ i : R → R and a σ i -derivation δ i : R → R such that
for each r ∈ R.
Proof. See [8] , Proposition 3.
A particular case of skew P BW extension is when all derivations δ i are zero. Another interesting case is when all σ i are bijective and the constants c ij are invertible. We recall the following definition (cf. [8] ). Definition 1.3. Let A be a skew P BW extension.
(a) A is quasi-commutative if the conditions (iii) and (iv) in Definition 1.1 are replaced by (iii') For every 1 ≤ i ≤ n and r ∈ R − {0} there exists c i,r ∈ R − {0} such that
(1.3) (iv') For every 1 ≤ i, j ≤ n there exists c i,j ∈ R − {0} such that
x j x i = c i,j x i x j .
(1.4) (b) A is bijective if σ i is bijective for every 1 ≤ i ≤ n and c i,j is invertible for any 1 ≤ i < j ≤ n.
Some extra notation will be used in the paper. Definition 1.4. Let A be a skew P BW extension of R with endomorphisms σ i , 1 ≤ i ≤ n, as in Proposition 1.2.
(i) For α = (α 1 , . . . , α n ) ∈ N n , σ α := σ
(ii) For X = x α ∈ Mon(A), exp(X) := α and deg(X) := |α|.
. The skew P BW extensions can be characterized in a similar way as was done in [5] for P BW rings. Theorem 1.5. Let A be a left polynomial ring over R w.r.t. {x 1 , . . . , x n }. A is a skew P BW extension of R if and only if the following conditions hold:
(a) For every x α ∈ Mon(A) and every 0 = r ∈ R there exist unique elements r α := σ α (r) ∈ R − {0} and p α,r ∈ A such that 5) where p α,r = 0 or deg(p α,r ) < |α| if p α,r = 0. Moreover, if r is left invertible, then r α is left invertible.
(b) For every x α , x β ∈ Mon(A) there exist unique elements c α,β ∈ R and p α,β ∈ A such that
where c α,β is left invertible, p α,β = 0 or deg(p α,β ) < |α + β| if p α,β = 0.
Proof. See [8] , Theorem 7.
We remember also the following facts from [8] .
Remark 1.6. (i) We observe that if A is quasi-commutative, then p α,r = 0 and p α,β = 0 for every 0 = r ∈ R and every α, β ∈ N n . (ii) If A is bijective, then c α,β is invertible for any α, β ∈ N n . (iii) In M on(A) we define
It is clear that this is a total order on
Each element f ∈ A can be represented in a unique way as f = c 1 x α1 + · · · + c t x αt , with c i ∈ R − {0}, 1 ≤ i ≤ t, and x α1 ≻ · · · ≻ x αt . We say that x α1 is the leader monomial of f and we write lm(f ) := x α1 ; c 1 is the leader coefficient of f , lc(f ) := c 1 , and c 1 x α1 is the leader term of f denoted by lt(f ) := c 1 x α1 .
A natural and useful result that we will use later is the following property.
Proposition 1.7. Let A be a skew PBW extension of a ring R. If R is a domain, then A is a domain.
Proof. See [9] .
The next theorem characterizes the quasi-commutative skew P BW extensions.
Theorem 1.8. Let A be a quasi-commutative skew P BW extension of a ring R. Then, (i) A is isomorphic to an iterated skew polynomial ring of endomorphism type, i.e.,
(ii) If A is bijective, then each endomorphism θ i is bijective, 1 ≤ i ≤ n.
Proof. See [9] . Theorem 1.9. Let A be an arbitrary skew P BW extension of R. Then, A is a filtered ring with filtration given by
and the corresponding graded ring Gr(A) is a quasi-commutative skew P BW extension of R. Moreover, if A is bijective, then Gr(A) is a quasi-commutative bijective skew P BW extension of R.
Proof. See [9] . Theorem 1.10 (Hilbert Basis Theorem). Let A be a bijective skew P BW extension of R. If R is a left (right) Noetherian ring then A is also a left (right) Noetherian ring.
Invariant ideals
Let A = σ(R) x 1 , . . . , x n be a skew P BW extension of a ring R. By Proposition 1.2, we know that
for all r ∈ R, where σ i is an injective endomorphism of R and δ i is a σ i -derivation of R, 1 ≤ i ≤ n. This motivates the following general definition.
Definition 2.1. Let R be a ring and (Σ, ∆) a system of endomorphisms and Σ-derivations of R, with Σ := {σ 1 , . . . , σ n } and ∆ := {δ 1 , . . . , δ n }.
In a similar way are defined the ∆-invariant ideals. If I is both Σ and ∆-invariant, we say that I is (Σ, ∆)-invariant.
(ii) A proper Σ-invariant ideal I of R is Σ-prime if whenever a product of two Σ-invariant ideals is contained in I, one of the ideals is contained in I. R is a Σ-prime ring if the ideal 0 is Σ-prime.
In a similar way are defined the ∆-prime and (Σ, ∆)-prime ideals and rings.
(iii) The system Σ is commutative if σ i σ j = σ j σ i for every 1 ≤ i ≤ n. In a similar way is defined the commutativity for ∆. The system (Σ, ∆) is commutative if both Σ and ∆ are commutative.
The following proposition describe the behavior of these properties when we pass to a quotient ring. (ii) Let I be Σ-invariant. If Σ is commutative, then Σ is commutative. Similar properties are valid for ∆ and (Σ, ∆).
(iii) Let I be Σ-invariant. I is Σ-prime if and only if R is Σ-prime. Similar properties are valid for ∆ and (Σ, ∆).
Proof. All statements follow directly from the definitions.
According to the properties of Σ and ∆, we need to introduce some special classes of skew P BW extensions. Definition 2.3. Let A be a skew P BW extension of a ring R with system of endomorphisms Σ := {σ 1 , . . . , σ n } and Σ-derivations ∆ := {δ 1 , . . . , δ n }.
(i) If σ i = i R for every 1 ≤ i ≤ n, we say that A is a skew P BW extension of derivation type.
(ii) If δ i = 0 for every 1 ≤ i ≤ n, we say that A is a skew P BW extension of endomorphism type. In addition, if every σ i is bijective, A is a skew P BW extension of automorphism type.
(iii) A is Σ-commutative if the system Σ is commutative. In a similar way are defined the ∆ and (Σ, ∆)-commutativity of A.
Related with the previous definition, we have the following two interesting results. The second one extends Lemma 1.5. (c) in [7] . Proposition 2.4. Let A be a skew P BW extension of derivation type of a ring R. Then, for any θ, γ, β ∈ N n and c ∈ R, the following identities hold:
In particular, the system of constants c i,j are central.
Proof. This is a direct consequence of Remark 1.6, part (ii).
Proposition 2.5. Let A be a skew P BW extension of a ring R. If for every 1 ≤ i ≤ n, δ i is inner, then A is a skew P BW extension of R of endomorphism type.
Proof. Let a i ∈ R such that δ i = δ ai is inner, 1 ≤ i ≤ n. We will prove that A = σ(R) z 1 , . . . , z n , where z i := x i − a i , the system of endomorphisms coincides with the original system Σ and every σ i -derivation is equal zero. We will check the conditions in Definition 1.1. It is clear that R ⊆ A. Let r ∈ R, then
Thus, the systems of constants c i,r of σ(R) z 1 , . . . , z n coincides with the original one, and the same is true for the system of endomorphisms. Note that the system of Σ-derivations is trivial, i.e., each one is equal zero. This means that σ(R) z 1 , . . . , z n is of endomorphism type.
Then, using the deglex order in Remark 1.6, we conclude that c 1 x α1 + · · · + c t x αt should be zero, whence
In the next proposition we study quotients of skew P BW extensions by (Σ, ∆)-invariant ideals. (ii) If I is proper and σ i (I) = I for every 1 ≤ i ≤ n, then A/IA is a skew P BW extension of R/I. Moreover, if A is of automorphism type, then A/IA is of automorphism type. If A is bijective, then A/IA is bijective. In addition, if A is Σ-commutative, then A/IA is Σ-commutative. Similar properties are true for the ∆ and (Σ, ∆) commutativity.
(iii) Let A be of derivation type and I proper. Then, IA = AI and A/IA is a skew P BW extension of derivation type of R/I.
(iv) Let R be left (right) Noetherian and σ i bijective for every 1 ≤ i ≤ n. Then, σ i (I) = I for every i and IA = AI. If I is proper and A is bijective, then A/IA is a bijective skew P BW extension of R/I.
Proof. (i) It is clear that IA is a right ideal, but since I is (Σ, ∆)-invariant, then IA is also a left ideal of A. It is obvious that IA ∩ R = I. From this last equality we get also that IA is proper if and only if I is proper. Using again that I is (Σ, ∆)-invariant, we get that AI ⊆ IA. Assuming that σ i is bijective and σ i (I) = I for every i, then IA ⊆ AI.
(ii) According to (i), we only have to show that A := A/IA is a skew P BW extension of R := R/I. For this we will verify the four conditions of Definition 1.1. It is clear that R ⊆ A. Moreover, A is a left R-module with generating set M on{x 1 , . . . , x n }. Next we show that M on{x 1 , . . . , x n } is independent. Consider the expression r 1 X 1 + · · · + r n X n = 0, where X i ∈ Mon(A) for each i. We have r 1 X 1 + · · · + r n X n ∈ IA and hence
Let r = 0 with r ∈ R. Then r / ∈ IA, and hence, r / ∈ I, in particular, r = 0 and there exists c i,r := σ i (r) = 0 such that x i r = c i,r x i + δ i (r). Thus, x i r = c i,r x i + δ i (r). Observe that c i,r = 0, contrary c i,r = σ i (r) ∈ IA ∩ R = I = σ i (I), i.e, r ∈ I, a contradiction. This completes the proof of condition (iii) in Definition 1.1.
In A we have x j x i −c i,j x i x j ∈ R+ n t=1 Rx t , with c i,j ∈ R−{0}, so in A we get that x j x i −c i,j x i x j ∈ R + n t=1 R x t . Since I is proper and c i,j is left invertible for i < j and right invertible for i > j, then c i,j = 0. This completes the proof of condition (iv) in Definition 1.1.
By Proposition 2.2, if σ i is bijective, then σ i is bijective. It is obvious that if every constant c ij is invertible, then c ij is invertible..
The statements about the commutativity follow from Proposition 2.2.
(iii) This is direct consequence of (i) and (ii).
(iv) Considering the Noether condition and the ascending chain I ⊆ σ
i (I) ⊆ · · · we get that σ i (I) = I for every i. The rest follows from (i) and (ii).
Extensions of derivation type
Now we pass to describe the prime ideals of skew P BW extensions of derivation type. Two technical propositions are needed first. The total order introduced in Remark 1.6 will be used in what follows.
Proposition 3.1. Let A be a skew P BW extension of a ring R such that σ i is bijective for every 1 ≤ i ≤ n. Let J be a nonzero ideal of A. If f is a nonzero element of J of minimal leader monomial x αt and σ αt (r) = r for any r ∈ rann R (lc(f )), then rann A (f ) = (rann R (lc(f )))A.
By definition of the right annihilator, rann R (lc(f )) := {r ∈ R | m t r = 0}. From Theorem 1.5 we have
where p αt,r = 0 or deg(p αt,r ) < |α t | if p αt,r = 0. Note that if r ∈ rann R (lc(f )), then f r = 0. In fact, if the contrary is assumed, since σ αt (r) = r, we get lm(f r) ≺ X t with f r ∈ J, but this is a contradiction since X t is minimal. Thus, f rann R (lc(f )) = 0 and f rann R (lc(f ))A = 0. Therefore rann R (lc(f ))A ⊆ rann A (f ).
Next we will show that rann
Continuing in this way we obtain that
Proposition 3.2. Let A be a skew P BW extension of derivation type of a ring R and let K be a non zero ideal of A. Let K ′ be the ideal of R generated by all coefficients of all terms of all polynomials of K. Then K ′ is a ∆-invariant ideal of R.
Proof. Let k ∈ K ′ , then k is a finite sum of elements of the form rcr ′ , with r, r ′ ∈ R and c is the coefficient of one term of some polynomial of K. It is enough to prove that for every 1 ≤ i ≤ n, δ i (rcr
There exists p ∈ K such that p = cx α + p ′ , with p ′ ∈ A and x α does not appear in p ′ . Note that the coefficients of all terms of p ′ are also in K ′ . Observe that x i p ∈ K and we have
from the previous expression we conclude that the coefficient of x α in x i p is δ i (c) + cr + r ′ , where r is the coefficient of x α in x i x α and r ′ is the coefficient of
We have
from the previous expression we get that r ′ has the form r ′ = c 1 r 1 + · · · + c t r t , where r j is the coefficient of
The following theorem gives a description of prime ideals of skew P BW extensions of derivation type without assuming any conditions on the ring of coefficients. This result generalizes the description of prime ideals of classical P BW extensions given in Proposition 6.2 of [4] . Compare also with [10] , Proposition 14.2.5 and Corollary 14.2.6. Theorem 3.3. Let A be a skew P BW extension of derivation type of a ring R. Let I be a proper ∆-invariant ideal of R. I is a ∆-prime ideal of R if and only if IA is a prime ideal of A. In such case, IA = AI and IA ∩ R = I.
Proof. (i) By Proposition 2.6 we know that A/IA is a skew P BW extension of R/I of derivation type, IA = AI and IA ∩ R = I. Then we may assume that I = 0. Note that if R is not ∆-prime, then A is not prime. Indeed, there exist I, J = 0 ∆-invariant ideals of R such that IJ = 0, so IA, JA = 0 and IAJA = IJA = 0, i.e., A is not prime.
Suppose that R is ∆-prime. We need to show that if J, K are nonzero ideals of A, then JK = 0. Let K ′ as in Proposition 3.2, then K ′ = 0 and it is ∆-invariant. Now let j be a nonzero element of J of minimal leader monomial. If jK = 0, then taking M = R and T = J in Proposition 3.1 we get
Therefore lc(j)K ′ = 0 and hence lann R (K ′ ) = 0. We have lann R (K ′ )K ′ = 0, and note that lann R (K ′ ) is also ∆-invariant. In fact, let a ∈ lann R (K ′ ) and k
Thus, R is not ∆-prime, a contradiction. In this way jK = 0 and so JK = 0, which concludes the proof.
Extensions of automorphism type
In this section we consider the characterization of prime ideals for extensions of automorphism type over commutative Noetherian rings. Proposition 4.1. Let A be a bijective skew P BW extension of a ring R. Suppose that given a, b ∈ R−{0} there exists θ ∈ N n such that either aRσ θ (b) = 0 or aRδ θ (b) = 0. Then, A is a prime ring.
Proof. Suppose that A is not a prime ring, then there exist nonzero ideals I, J of A such that IJ = 0. We can assume that I := lann A (J) and J := rann A (I). Let u be a nonzero element of I with minimal leader monomial x α and leader coefficient c u . We will prove first that σ −α (c u ) ∈ I, i.e., σ −α (c u )J = 0. Since rann A (I) ⊆ rann A (u), then it is enough to show that σ −α (c u )rann A (u) = 0. Suppose that σ −α (c u )rann A (u) = 0, let v ∈ rann A (u) of minimal leader monomial x β and leader coefficient c v such that σ −α (c u )v = 0. Since uv = 0 and c α,β is invertible (see Theorem 1.5 and Remark 1.6), then c u σ α (c v ) = 0, whence lm(uc v ) ≺ x α . The minimality of x α implies that uc v = 0, and hence Corollary 4.2. If R is a prime ring and A is a bijective skew P BW extension of R, then A is prime and rad(A) = 0.
Proof. Since R is prime and A is bijective, given a, b ∈ R − {0}, then aRσ θ (b) = 0 for every θ ∈ N n . Thus, from the previous proposition, A is prime. Lemma 4.3. Let A be a bijective Σ-commutative skew P BW extension of automorphism type of a left (right) Noetherian ring R. Let I be a proper ideal of R Σ-invariant. I is a Σ-prime ideal of R if and only if IA is a prime ideal of A. In such case, IA = AI and IA ∩ R = I.
Proof. By Proposition 2.6, IA = AI is a proper ideal of A, I = IA ∩ R and A := A/IA is a bijective skew P BW extension of R := R/I of automorphism type. In addition, observe that I es Σ-prime if and only if R is Σ-prime (Proposition 2.2). Thus, we can assume that I = 0, and hence, we have to prove that R is Σ-prime if and only if A is prime.
⇒): Suppose that R is Σ-prime, i.e., 0 is Σ-prime. According to Proposition 4.1, we have to show that given a, b ∈ R − {0} there exists θ ∈ N n such that aRσ θ (b) = 0. Let L be the ideal generated by the elements σ θ (b), θ ∈ N n ; observe that L = 0, and since A is Σ-commutative, L is Σ-invariant. But R is Noetherian and A is bijective, then σ i (L) = L for every 1 ≤ i ≤ n (see Proposition 2.6). This implies that Ann R (L) is Σ-invariant, but 0 is Σ-prime, therefore Ann R (L) = 0. Thus, aL = 0, so there exists θ ∈ N n such that aσ θ (b) = 0. ⇐): Note that if R is not Σ-prime, then A is not prime. Indeed, there exist K, J = 0 Σ-invariant ideals of R such that KJ = 0, so KA, JA = 0 and since J is Σ-invariant, then AJ = JA and hence KAJA = KJA = 0, i.e., A is not prime. Proof. For i = j it is clear that σ j σ i = σ i σ j . Let i = j, say i < j, then for any r ∈ R we have lc(x j x i r) = σ j σ i (r)c ij = c ij σ i σ j (r), but since R is commutative and c ij is invertible, then σ j σ i (r) = σ i σ j (r).
Theorem 4.5. Let A be a bijective skew P BW extension of automorphism type of a commutative Noetherian ring R. Let I be a proper Σ-invariant ideal of R. I is a Σ-prime ideal of R if and only if IA is a prime ideal of A. In such case, IA = AI and IA ∩ R = I.
Proof. This follows from Lemma 4.3 and Propositions 2.6 and 4.4.
Extensions of mixed type
Our next task is to give a description of prime ideals of bijective skew P BW extensions of mixed type, i.e., when both systems Σ and ∆ could be non trivial. We will assume that the ring R is commutative, Noetherian and semiprime. The proof of the main theorem (Theorem 5.7) is an in Lemma 4.3, but anyway we have to show first some preliminary technical propositions.
Definition 5.1. Let R be a commutative ring, I a proper ideal of R and R := R/I, we define S(I) := {a ∈ R|a := a + I is regular }.
By regular element we mean a non zero divisor. Note that S(0) is the set of regular elements of R. Next we will describe the behavior of the properties introduced in Definition 2.1 when we pass to the total ring of fractions. (ii) Q(R) is Σ-prime if and only if R is Σ-prime. The same is valid for ∆ and (Σ, ∆).
Proof. (i) This part can be proved not only for commutative rings but also in the noncommutative case (see [1] ).
(ii) ⇒): Let I, J be Σ-invariant ideals of R such that IJ = 0, then IJS(0) ∈ K, i.e., σ i (a) ∈ I, for every 1 ≤ i ≤ n. Analogously for L. Since R is Σ-prime, then I = 0 or J = 0, i.e., K = 0 or L = 0. The proofs for ∆ and (Σ, ∆) are analogous.
Next we will use the following special notation: Let m ≥ 0 be an integer, then σ(m) will denote the product of m endomorphisms taken from Σ in any order, and probably with repetitions, i.e., σ(m) = σ i1 · · · σ im , with i 1 , . . . , i m ∈ {1, . . . , n}. For m = 0 we will understand that this product is the identical isomorphism of R.
Proposition 5.3. Let R be a commutative ring and (Σ, ∆) a system of endomorphisms and Σ-derivations of R. Let I be a Σ-invariant ideal of R. Set I 0 := R, I 1 := I, and for j ≥ 2,
Then,
(ii) δ i (I j ) ⊆ I j−1 , for every 1 ≤ i ≤ n and any j ≥ 1.
(iii) I j is a Σ-invariant ideal of R, for any j ≥ 0.
(iv) II j ⊆ I j+1 , for any j ≥ 0.
Proof. (i) This is evident.
(ii) It is clear that for every i, δ i (I 1 ) ⊆ I 0 . Let j ≥ 2 and let r ∈ I j , then
From this obtain that δ i1 σ(m(1))δ i2 σ(m(2)) · · · δ i l σ(m(l))δ i σ(0)(r) ∈ I for all l = 1, . . . , j −2. This means that δ i (r) ∈ I j−1 .
(iii) It is clear that I 0 , I 1 are Σ-invariant ideals. Let j ≥ 2 and let r ∈ I j , then for every σ i we have
This means that σ i (r) ∈ I j , i.e., I j is Σ-invariant. Let us prove that I j is an ideal of R. By induction we assume that I j is an ideal. It is obvious that if a, a ′ ∈ I j+1 , then a + a ′ ∈ I j+1 ; let r ∈ R, then a ∈ I j and hence ra ∈ I j , therefore δ i1 σ(m(1))δ i2 σ(m(2)) · · · δ i k σ(m(k))(ra) ∈ I for all k < j. Consider any σ(m(j)), we have σ(m(j))(a) ∈ I j+1 , so σ(m(j))(a), δ i (σ(m(j))(a)) ∈ I j for every i. Therefore,
This implies that δ i1 σ(m(1))δ i2 σ(m(2)) · · · δ ij σ(m(j))(ra) ∈ I. This means that ra ∈ I j+1 . This proves that I j+1 is an ideal.
(iv) Of course II 0 ⊆ I 1 . Let j ≥ 1, suppose that for II j−1 ⊆ I j , we have to prove that II j ⊆ I j+1 . Let a ∈ I and b ∈ I j , then b ∈ I j−1 and ab ∈ I j . Therefore, δ i1 σ(m(1))δ i2 σ(m(2)) · · · δ i k σ(m(k))(ab) ∈ I for i < j. For any σ(m(j)) and every δ i we have, as above,
From this we conclude that δ i1 σ(m(1))δ i2 σ(m(2)) · · · δ ij σ(m(j))(ab) ∈ I, and this means that ab ∈ I j+1 . This completes the proof.
Proposition 5.4. Let R be a commutative Noetherian ring and Σ a system of automorphisms of R. Then, any Σ-prime ideal of R is semiprime.
Proof. Let I be a Σ-prime ideal of R. Since R is Noetherian, √ I is finitely generated, so there exists m ≥ 1 such that ( √ I) m ⊆ I. Since I is Σ-invariant and R is Noetherian, √ I is Σ-invariant, whence √ I ⊆ I, i.e., √ I = I. This means that I is intersection of prime ideals, i.e., I is semiprime.
Proposition 5.5. Let R be a commutative Noetherian ring and (Σ, ∆) a system of automorphisms and Σ-derivations of R. Let rad(R) be the prime radical of R. If R is (Σ, ∆)-prime, then
(ii) S(0) = S(rad(R)).
Proof. (i) The set of Σ-invariant ideals I of R such that Ann R (I) = 0 is not empty since 0 satisfies these conditions. Since R is assumed to be Noetherian, let I be maximal with these conditions. Let K, L be Σ-invariant ideals of R such that I K and I L, then Ann R (K) = 0 = Ann R (L), and hence Ann R (KL) = 0. This implies that KL I. This proves that I is Σ-prime.
We will prove that I = rad(R). By Proposition 5.3, we have the descending chain of Σ-invariant ideals I 0 ⊇ I 1 ⊇ · · · , and the ascending chain Ann R (I 0 ) ⊆ Ann R (I 1 ) ⊆ · · · . There exists m ≥ 1 such that Ann R (I m ) = Ann R (I m+1 ) (since I 0 = R and I 1 = I, see Proposition 5.3, m = 0). Note that Ann R (I m ) is Σ-invariant since σ i (I m ) = I m for every i (here we have used again that R is Noetherian, Proposition 2.6). Let b ∈ Ann R (I m ). For a ∈ I m+1 we have a ∈ I m , moreover, by Proposition 5.3, for every i, δ i (a) ∈ I m , so ab = 0 = δ i (a)b, therefore 0 = δ i (ab) = σ i (a)δ i (b). From this we obtain that
Let H := Ann R (Ann R (I m )), we shall see that H is also (Σ, ∆)-invariant. In fact, let x ∈ H, then xAnn R (I m ) = 0 and for every i we have σ i (x)σ i (Ann R (I m )) = 0 = σ i (x)Ann R (I m ), thus σ i (x) ∈ H. Now let y ∈ Ann R (I m ), then xy = 0 and for every i we have
Since R is (Σ, ∆)-prime and HAnn R (I m ) = 0, then H = 0 or Ann R (I m ) = 0. From Proposition 5.3, Ann R (I m ) ⊇ Ann R (I) = 0, whence H = 0. Since I m ⊆ H, then I m = 0. Again, from Proposition 5.3 we obtain that I m ⊆ I m , so I m = 0, and hence I ⊆ rad(R). On the other hand, since I is Σ-prime, then I is semiprime (Proposition 5.4), but rad(R) is the smallest semiprime ideal of R, whence I = rad(R). Thus, rad(R) is Σ-prime.
(ii) The inclusion S(0) ⊆ S(rad(R)) is well known (see [10] , Proposition 4.1.3). The other inclusion is equivalent to prove that R is S(rad(R))-torsion free. Since I m = 0, it is enough to prove that every factor I j /I j+1 is S(rad(R))-torsion free. In fact, in general, if M is an R-module and N is an submodule of M such that M/N and N are S-torsion free (with S an arbitrary system of R), then M is S-torsion free. Thus, the assertion follows from I 0 /I 1 = R/rad(R), it is clearly S(rad(R))-torsion free. By induction, we assume that I j−1 /I j is S(rad(R))-torsion free. Let a ∈ I j and r ∈ S(rad(R)) such that r a = 0 in I j /I j+1 , i.e., ra ∈ I j+1 . From Proposition 5.3 we get that for every i and any σ(m), σ(m)(a) ∈ I j , σ(m)(ra) ∈ I j+1 and δ i (σ(m)(ra)) ∈ I j , then
whence, σ i (σ(m)(r))δ i (σ(m)(a)) ∈ I j . For every k, σ k (rad(R)) = rad(R), then we can prove that σ k (S(rad(R))) = S(rad(R)), so σ i (σ(m)(r)) ∈ S(rad(R)); moreover, δ i (σ(m)(a)) ∈ I j−1 , then by induction δ i (σ(m)(a)) ∈ I j . But this is valid for any i and any σ(m), then a ∈ I j+1 . This proves that I j−1 /I j is S(rad(R))-torsion free.
(iii) This follows from (ii) and Small's Theorem (see [10] , Corollary 4.1.4).
Corollary 5.6. Let R be a commutative Noetherian semiprime ring and (Σ, ∆) a system of automorphisms and Σ-derivations of R. If R is (Σ, ∆)-prime, then R is Σ-prime.
Proof. By Proposition 5.5, the total ring of fractions Q(R) of R is Artinian. Then, by Proposition 5.2, we can assume that R is Artinian. Applying again Proposition 5.5, we get that 0 = rad(R) is Σ-prime, i.e., R is Σ-prime.
Theorem 5.7. Let R be a commutative Noetherian semiprime ring and A a bijective skew P BW extension of R. Let I be a semiprime (Σ, ∆)-invariant ideal of R. I is a (Σ, ∆)-prime ideal of R if and only if IA is a prime ideal of A. In such case, IA = AI and I = IA ∩ R.
Proof. The proof is exactly as in Lemma 4.3, anyway we will repeat it. By Proposition 2.6, IA = AI is a proper ideal of A, I = IA ∩ R and A := A/IA is a bijective skew P BW extension of the commutative Noetherian semiprime ring R := R/I. In addition, observe that I is (Σ, ∆)-prime if and only if R is (Σ, ∆)-prime (see Propositions 2.2 and 2.6). Thus, we can assume that I = 0, and hence, we have to prove that R is (Σ, ∆)-prime if and only if A is prime. ⇒): From Corollary 5.6, we know that R is Σ-prime, i.e., 0 is Σ-prime. Let L be the ideal generated by the elements σ θ (b), θ ∈ N n ; observe that L = 0, and since A is Σ-commutative (Proposition 4.4), L is Σ-invariant. But R is Noetherian and A is bijective, then σ i (L) = L for every 1 ≤ i ≤ n (see Proposition 2.6). This implies that Ann R (L) is Σ-invariant, therefore Ann R (L) = 0. Thus, aL = 0, so there exists θ ∈ N n such that aσ θ (b) = 0. From Proposition 4.1 we get that A is prime. ⇐): Note that if R is not (Σ, ∆)-prime, then A is not prime. Indeed, there exist I, J = 0 (Σ, ∆)-invariant ideals of R such that IJ = 0, so IA, JA = 0 and IAJA = IJA = 0, i.e., A is not prime.
Examples
Some important examples of skew P BW extensions covered by Theorems 3.3, 4.5 or 5.7 are given in the following table. The definition of each ring or algebra can be found in [9] . For each example we have marked with the theorem that can be applied. r , x r+1 , . . . , x n ] since it is well known that there exists a bijective correspondence between the prime ideals of S −1 A and the prime ideals of A with empty intersection with S (recall that A is left (right) Noetherian, Theorem 1.10).
